Linear Response and the Validity of the Semi-Classical Approximation in Gravity 
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We propose a quantitative test for the validity of the semi-classical approximation in gravity, 
namely that the solutions to the semi-classical equations should be stable to linearized perturbations, 
in the sense that no gauge invariant perturbation should become unbounded in time. We show that 
a self-consistent linear response analysis of these perturbations based upon an invariant effective 
action principle involves metric fluctuations about the mean semi-classical geometry and brings 
in the two-point correlation function of the quantum energy-momentum tensor in a natural way. 
The properties of this correlation function are discussed and it is shown on general grounds that it 
contains no state-dependent divergences and requires no new renormalization counterterms beyond 
those required in the leading order semi-classical approximation. 



I. INTRODUCTION 



There are many well known difficulties that arise when attempting to combine quantum field 
theory and general relativity into a full quantum theory of gravity. Almost certainly, a consistent 
quantum theory at the Planck scale requires a fundamentally different set of principles from those 
of classical general relativity, in which even the concept of spacetime itself is likely to be radically 
^ , altered. Yet over a very wide range of distance scales, from that of the electroweak interactions 

' (10~^^ cm) to cosmology (10^^ cm), the basic framework of a spacetime metric theory obeying 

QQ I general coordinate invariance is assumed to be valid, and receives phenomenological support both 

. from the successes of flat space quantum field theory at the lower end of this scale and classical 

' general relativity at its upper end. Hence whatever the full quantum theory of gravity entails, it 

, should reduce to an effective low energy field theory on this very broad range of some 33 orders of 

magnitude of distance 

To the extent that quantum effects are relevant at all in gravitational phenomena within this 
CJ> , range of scales one would expect to be able to apply serrai-classical techniques to the low energy 

(sJ effective theory. For the purposes of this paper the quantization of matter fields in curved spacetime 

I I backgrounds is what we mean by the semi-classical approximation to gravity. Thus the spacetime 

bX). metric gab is treated as a classical c-number field and its quantum fluctuations are neglected. An 

interesting question then arises: Can a quantitative criterion for the validity of this semi-classical 
approach be given? One would like to have some test of its validity, preferably within the semi- 
■ classical framework itself. 

$_( ' To be clear we should distinguish what we mean in this paper by the semi-classical approximation 

5^ , to gravity from the ordinary loop expansion, which is sometimes also called semi-classical. In the 

ordinary loop expansion of the effective action h is the formal loop expansion parameter. As a 
result both the matter and gravitational fields are treated on exactly the same footing. However 
the technical issues involved in even defining a one-loop effective action for gravitons that respects 
both linearized gauge and background field coordinate invariance are difficult enough to have im- 
peded progress in the standard loop expansion in gravity [^Q. An unambiguous definition of the 
corresponding conserved and gauge invariant energy-momentum tensor for gravitons on an arbitrary 
curved spacetime has not yet been given. Apart from such technical shortcomings an ordinary loop 
expansion is physically ill-suited to many applications that have been and are likely to be of inter- 
est in semi-classical gravity, such as particle creation in the early universe, or black hole radiance, 
where quantum effects significantly affect the background geometry after some period of time. This 
is because when quantum effects significantly affect the classical geometry the loop expansion breaks 
down. 
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The semi-classical approximation to gravity we discuss in this paper treats the matter fields as 
quantum but the spacetime metric as classical. This asymmetric treatment can be justified formally 
by replicating the number of matter fields A*' times and taking the large N limit of the quantum 
effective action for the matter fields in an arbitrary background metric gat ■ Since no assumption 
of the weakness or perturbative nature of the metric is assumed, the large A'' expansion is able to 
address problems in which gravitational effects on the matter are strong and the matter fields can 
have a significant effect on the classical geometry in turn. The absence of quantum gravitational 
effects in the lowerst order large A'^ approximation also means that most of the technical obstacles 
arising from the quantum fluctuations of the geometry are avoided. General coordinate invariance is 
assured, provided only that the matter effective action is regularized and renormalized in a manner 
which respects this invariance . In that case the quantum expectation value of the matter energy- 
momentum tensor (Tab) is necessarily conserved. 

Assuming that the classical energy-momentum tensor for the matter field(s) vanishes (an as- 
sumption that may easily be relaxed if necessary), the unrenormalized form of the semi-classical 
backreaction equations take the form 

Gab + Agab = 87rG„ {Tab) ■ 

Here Gab is the Einstein tensor, A is the cosmological constant (which may be taken to be zero in some 
applications), Gjy is Newton's constant, and (Tab) is the expectation value of the energy-momentum 
tensor operator of the quantized matter field(s). Among the technical issues that must be confronted 
is the renormalization of the expectation value of Tab, a quartically divergent composite operator in 
d — 4 spacetime dimensions. Hence renormalization of its expectation value requires the introduction 
of fourth order counterterms in the effective (low energy) action, modifying the geometric terms on 



the left side of eq. ( L . 1 ) M. This renormalization of very high momenta, ultraviolet divergences must 



be performed in a way that is consistent with general coordin ate i nvariance and leaves undisturbed 



the vanishing of the covariant divergence of both sides of eq. (f .1). 

Once a renormalized semi-classical theory has been defined, one possible route to investigating 
its validity is to compare calculations in a theory of quantum gravity with similar semi-classical 
calculations. Since a full quantum theory is lacking, this has been done only in some simplified 
models of quantum gravity. Large quantum gravity effects were found in three-dimensional models 
by Ashtekar and Beetle . In four dimensions Ford considered the case of graviton production in 
a linearized theory of quantum gravity on a fiat space background and compared the results with the 
production of gravitational waves in semi-classical gravity j^. He found that they were comparable 
when the renormalized energy-momentum (connected) correlation function, 

{Tabix)Tcd{y)) con = {Tab{x)Tcd{y)) - {Tab{x)) {Tr^div)) 

satisfied the condition 

{Tab{x)T,d{y))con < {Tab{x)){T,d{y)) . 

The limits of validity of the semi-classical approximation have also been studied without making 
reference to a specific model of quantum gravity. Kuo and Ford proposed that a measure of 
how strongly the semi- classical approximation is violated can be given by how large the quantity. 



l^abcd{x,y) = 



{Tab{x)T,d{y))c 



{Tab{x)nd{y)) 



is, where it is assumed that the expectation values in this expression are suitably renormalized. 
They suggested that the expectation values be normal ordered, which is strictly correct only in a 
flat spacetime. Later authors used other renormalization schemes. It is important to note that 



eq. (1.4) is coordinate dependent, since both the numerator and denominator are tensor quantities. 
The situation is complicated further by the regularization and renormalization issues that arise in 
deflning the quantities appearing in this expression. Kuo and Ford llOl computed the quantity 



A{x) 



{Too{x)Too{x)) C 



{Too(x)Too{x)) 



for a free scalar field in flat space for several states including the Casimir vacuum. They found that 
it vanishes in a coherent state, whereas in many other cases, including the Casimir vacuum, it is of 
order unity. 



Wu and Ford computed the radial flux component of eq. ( |l.4| ) in the case of an evaporating 
black hole far from the event horizon. They found that it was of order unity over time scales 
comparable to the black hole mass, but that it averages to zero over much larger times. In a normal 
ordering prescription they found state dependent divergent terms, which should not be present if all 
divergences are local and therefore absorbable into purely geometric UV counterterms. 

Phillips and Hu [|l^ used zeta function regularization to compute A{x) with the denominator 
replaced by the quantity {roo(a:))^, for a free scalar field in some curved spacetimes having Euclidean 
sections. They also computed A(x) for a scalar field in flat space in the Minkowski vacuum state 
using both point splitting and a smearing operator to remove the divergences ^]. For the flat 
space calculation they found that A(a;) depends on the direction the points are split, but that it is 
of order unity regardless of how the points are split. They used their results to criticize the Kuo-Ford 
conjecture and to suggest that the criteria for the validity of the semi-classical approximation should 
depend on the scale at which the system is being probed. 

Although it is somewhat unclear what the dimensionless small parameter which controls the 
inequality (L.3) is. Ford's initial work and these subsequent discussions draw attention to the im- 
portance of the higher point correlation functions of the energy-momentum tensor. It is quite clear 
in qualitative terms that if the higher point connected correlation functions of Tab are large (in 
an appropriate sense to be determined) , it cannot be correct to neglect them completely, as the 
semi-classical equations (1.1) certainly do. 

The energy-momentum correlation function {Tab{x)Tcd{y)) con has been computed in some cases. 
Carlitz and Willey jl4| computed it for a scalar fleld in a two dimensional spacetime with a moving 
boundary. Roura and Verdaguer give its expression for a massless minimally coupled scalar 
field in de Sitter spacetime in the case that the points are spacelike separated and geodesically 
connected. Wu and Ford showed that in the simple case of radiation exerting a force on a 
mirror, the quantum fluctuations in the radiation pressure are due to a state-dependent cross term 
in the energy-momentum correlation function. 

In the same paper Wu and Ford also addressed the Kuo-Ford conjecture and the above 
mentioned criticism of it by Phillips and Hu. They stated that the conjecture is incomplete because 
it does not address the effect of divergent state-dependent terms. They suggested that any criterion 
for the validity of the semi-classical approximation should be a non-local one that involves integrals 
over the world lines of test particles. They also argued that the question of whether the semi-classical 
approximation is valid depends on the specifics of a given situation including the scales being probed 
and the choice of initial quantum state. Although technical problems such as renormalization and 
coordinate invariance complicate matters, this body of previous work suggests that the correlation 
function {Tab{x)Tcd{y)) con should play an important role in determining the validity of the semi- 
classical approximation. However, the proper context for incorporating and making use of the 
information contained in this correlation function remains somewhat in question. 

In this paper we propose an unambiguous quantitative criterion for the validity of the semi- 
classical approximation, namely that solutions to the semi-classical equations should be stable 
against linearized perturbations. According to standard linear response theory we show that 
the linearized equations for the perturbed metric depend on the two-point correlation function of 
the energy-momentum tensor evaluated in the semi-classical metric gab- The correlation function 
in this case consists of the retarded commutator of two energy-momentum tensor operators, and 
hence the perturbations are manifestly causal. Moreover the UV divergences in this correlation 
function are exactly those required to renormalize the semi-classical theory itself. This ensures that 
no state dependent divergences occur. Finally, gauge dependence of the solutions to the linear re- 
sponse equations is easily studied within the framework of linearized coordinate transformations of 
the semi-classical background, so that ambiguities related to quantities such as (^^) do not arise. 

Another advantage of this criterion for the validity of the semiclassical approximation is that it 
lies strictly within the context of that approximation. In this way one avoids problems such as gauge 
invariance of the energy-momentum tensor for gravitons, that inevitably appear if one tries to go 
beyond the semi-classical approximation and include quantum effects due to the gravitational field. 

To understand qualitatively the role of the two-point correlation function in the validity of the 
semi-classical approximation, it is helpful to consider the physical analogy between semi-classical 
gravity and semi-classical electromagnetism. The connected correlation function (1.2) measures the 
gravitational vacuum polarization which contributes to the proper self-energy of the linearized gravi- 
ton fiuctuations around the background metric, just as the current two-point correlation function, 
{j°'{x)j^{y)), measures the electromagnetic vacuum polarization which contributes to the proper 
self-energy of the photon Hence if these polarization effects are significant, the gravitational 

fluctuations of the metric must be taken into account in some form and the semi-classical approxi- 



3 



mation, with or without backreaction, has certainly broken down, at least in the form specified by 
eq. ([Lj) , where all fluctuations of the metric have been ignored. Moreover, in quantum electromag- 
netism we know exactly how to take these fluctuation effects into account, namely by scattering and 
interaction Feynman diagrams involving the photon propagator These processes are important 
not only in scattering between a few particles at high energies but also in low energy processes in 
hot or dense plasmas. Analogous statements should be applicable to gravity whenever quantum 
correlations are important. Thus, if the linear response validity criterion is not satisfied, then there 
will be no avoiding the technical difficulties of quantizing the gravitational field, even if we seek to 
understand only the infrared behavior of a semi-classical approximation to the effective theory far 
below the Planck scale. 

In the next section the properties of the large A*' semi-classical approximation in gravity and its 
renormalization within the covariant effective action framework are reviewed. In Section III the 
linear response theory for the semi-classical backreaction equations is introduced. The form of the 
two-point correlation function for the energy-momentum tensor that appears in the linear response 
equations is given and its properties and renormalization are discussed. Then our proposal for a 
necessary condition for the validity of the semi- classical approximation is presented. Finally some 
possible applications of our criterion to the study of quantum effects in cosmological and black hole 
spacetimes are suggested. 



II. SEMI-CLASSICAL GRAVITY AND RENORMALIZATION 

The most direct route to the semi-classical equations ( [L.1| ) is via the effective action method in the 
large A'^ limit. We consider the specific example of TV non-interacting scalar fields. Generalizations 
to interacting fields and fields of other spin are straightforward, but as they are not required to 
expose the main elements of the stability criterion, we shall treat only this simplest case in detail. 

The classical action for one scalar field is 

where Va denotes the covariant derivative in the metric gab, C the dimensionless curvature coupling, 
and R the scalar curvature. The path integral over the free scalar field $ is Gaussian and may be 
performed formally by inspection, i.e., 

J [D<S>] cxp = exp (-iTrlogG-i[<7]) = exp , 

where 

G~'[5] = -a + + 

is the inverse propagator of the scalar field in the background metric gab, and the (generally non- 
local) functional 

Sil^[g] = '^Trlog G-'[g] 

may be regarded as the effective action in this metric. It contains an explicit factor of h and 
records the quantum effects of the free scalar field in the arbitrary curved background metric gat- 
No assumption about smallness of the metric deviations from ffat spacetime or any other preferred 
spacetime has been made. 

The expectation value of the energy-momentum tensor of the quantum matter field in this back- 
ground can be formally obtained by the variation 

iT.b)^-^^^S^A\g]. 

By Noether's theorem, this (unrenormalized) expectation value is covariantly conserved, provided 
that the effective action S^^ [g] is invariant under general coordinate transformations. However, (Tab) 
is divergent and requires a careful UV regularization and renormalization procedure consistent with 
this invariance [^. 

In physical terms the UV regularization and renormalization mean that the theory may not be 
trustworthy at infinitely short time and distance scales, but that the lack of information about the 



physics at those smaU scales may be absorbed into a finite number of parameters in the effective low 
energy theory at much larger scales. Since the effective lagrangian and energy-momentum tensor 
have canonical scale dimension d (in d spacetime dimensions), the number of parameters is given 
by the number of local coordinate invariant scalars up to dimension d (in d dimensions). In d = 4 
dimensions these are the parameters of the Einstein-Hilbert action plus the coefficients of the two 
independent fourth order invariants R and CabcdC"' , where R is the scalar curvature and Cabcd 
is the Weyl tensor. Thus we shall consider the total low energy effective gravitational action 

Scs [g] = Si'J [g] + —1^ / d\ V^{R-2k) + \ [ A^x ^ [cR^ + , (2.6) 



levrGiv J ' 2 

with arbitrary dimensionless constants a and (3. Renormalization means that Gn, A, a, and /? may 
be chosen to depend on the UV cutoff (introduced to regulate the divergences in the one-loop term 
•S'cff [p] ) in such a way as to cancel those divergences and render the total iScff [(/] independent of the 
cutoff. Ifence the four parameters of the local geometric terms (up to fourth order derivatives of 
the metric which are a priori independent of K) must be considered as parameters of the same order 



as the corresponding divergent terms in S'^[g\, which from {2 A) is first order in Ti. Formally this 



may be justified by considering A*' identical copies of the matter field, so that S'^[g\ is replaced by 



NS„ „ Iq] and , A/Gjv, a, and f3 are rescaled by a factor of TV. In this way all the terms in eq. 



(2.6) are now of the same order in A'^ as A'' — > oo. 

This formal rescaling by A' is carried out at the level of the generating functional Scffff?] of 
connected n-point vertices (which are the inverse of n-point Green's functions) rather than the 
Green's functions themselves. Therefore, it has the net effect of resumming the quantum effects 
contained in the one-loop diagrams of the matter field(s) to all orders in the metric gat- The large 
A' expansion and its relationship to the standard loop expansion have been extensively studied in 
both theory and electrodynamics (both scalar and spinor QED) in flat space The QED 

case is most analogous to the present discussion with the classical vector potential j4,t replaced by 



the metric gab- The large A' approximation (2.6) is also invariant under changes in the ultraviolet 



renormalization scale (by definition of the UV cutoff dependence of the local counterterms) , and is 
equivalent to the UV renormalization group (RG) improved one-loop approximation. 

In the present case of a free field theory in curved spacetime, it is the large A^, RG improved 



one-loop approximation that is necessary to derive the semi-classical equations (1.1) with back- 
reaction, for only in such a resummed loop expansion can the one-loop quantum effects of (Tab) 
inffuence the nominally classical background metric gab- As mentioned in the previous section, in 
the ordinary (unimproved) loop expansion the quantum fluctuations of the matter can make at most 
small corrections to the background metric. The large N approximation also explicitly preserves 
the covariance properties of the theory, since it can be derived from an invariant action functional 



(2.6). The divergences in (Tab) are in one-to-one correspondence with the local counterterms in the 
action Sefflg], whose variations with respect to gab produce, in addition to the terms in the classical 
Einstein equations, the fourth order tensors 

^^^Hab= - ^ ^ / ^4 - / d2 _ 0„ I— 1 D OV7 V7. D I ODD . 9ab ^2 

'■^^Hab= -^^b I ^ V^CabcdC^"^" = iV'VCacbd + ^R'^Cacbd - (2.7b) 



Hab=^=^ / A^x^R" = 2gabUR-2VaVbR + 2RRab-^R' , (2.7a) 

v~ff og J 2 



Hence the variation of the effective action (2.6) gives the equations of motion for the spacetime 



metric for zero expectation value of the free scalar field $ 

a ^'^Hab + P ^"^^Hab + {Gab + Agab) = {Tab)n , (2.8) 

where (Tab) f, is the renormalized expectation value of the energy-momentum tensor of the scalar 
field. Non-zero values of {<I>) and self-interactions are easily taken into account in the large A' 
approximation as well [Q. 

It is worth emphasizing that the UV ren orma lization of the energy-momentum tensor and the 



covariant form of the equations of motion (2.8) are justified by formal appeal to an underlying 
covariant action principle ( ^.(j ) whose variation they are. Although particular regularization and 
renormalization procedures, such as non-covariant point -spl itting or adiabatic subtraction, may 



break explicit covariance, the result must be of the form (2.8) with a covariantly conserved (Tab) „ 



or the procedure does not correspond to the addition of local counterterms up to dimension d = 4 
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in the effective action, as required by t he g eneral principles of renormalization theory. Thus the 



renormalization of the effective action (2.6) suffices in principle to renormalize the equations of 
motion and its higher variations, a fact we make use of in the next section. 

In all cases the large A'^ approximation is equivalent to a Gaussian path integration for the quantum 
matter fields, in which the spacetime metric and gravitational degrees of freedom have been treated 
as c-numbers, coupled only to the expectation value of the energy-momentum tensor through ( [f .l| ) . 
This energy-momentum tensor expectation value can be expressed as a coincident limit of local 
derivatives of the one-loop matter Green's function G[g]{x,x) in the background metric gab- That 
is, it requires solving the differential equation G~^[g] o G[g] = 1 or more explicitly 

(-□+m'+Ci?) G[g]{x,x') = 



S^{x,x') 



concurrently with the semi-classical backreaction equation (2.5). It is the exact solution of this 



equation without any perturbative re-expansion of G[g], and the resulting self-consistent solution of 



eq. (2.5) for the metric gat that constitutes the principal non-perturbative RG improved feature of 
the large A'^ limit. 

The equations of motion (2.8) which are the original eqs. ( |l.l| ) modified by the additional terms 



required by the UV renormalization of (Tab) are fourth order in derivatives of the metric. As is known 
from the general theory of differential equations, if the order of the equations is changed by adding 
higher derivative terms, the solutions of the modified equations fall into two classes, viz., those that 
approach the solutions of the lower order equations as a, /3 — > 0, and those which are singular in 
that limit. The latter class of solutions are not present in the lower order theory and physically 
correspond to those solutions which vary on Planck length and time scales (in order for the higher 
derivative terms to be of the same order as the lower derivative terms). Such solutions are clearly not 
trustworthy in a low energy effective theory which breaks down at the Planck scale. Furthermore, 
we are not interested in the stability issue raised by the presence of such rapid variations in time and 
space. Quite to the contrary, we would like to study the validity of the semi-classical approximation 
at scales far below the Planck scale, where this approximation is at least not invalid a priori. In 
this regime the effects of the higher order local terms in eq. ( p.q) can be handled by an approach 
similar to that proposed by Simon I19| and Parker and Simon [pO(| . 



III. LINEAR RESPONSE AND THE STABILITY CRITERION 



Just as the first variation of the action functional (including that for the matter field) with respect 
to gab gives Euler-Lagrange equations for the mean value of the metric, its second variation gives 
information about the fluctuations of the metric about its mean value. The second variation of the 
action functional is equivalent to the first variation of the semi-classical Einstein equations, namely 



a ^^^Hab + P ^'^^Hab + {Gab + Agab 



<i*x' y/^u'-^^^^"'^ {x,x')5g^,a'{x') , 



= 3{Tab)n 



where 



n 



(ret) c' d 



{X,x') = ~ie{t,t'){ Tab{x)y^' {X') 



S's'J^[g] 



5g^''{x)Sg,,a,(x') 



is the retarded gravitational polarization operator of the matter fields in the curved background 
gab. This retarded operator corresponds to the causal boundary conditions of the effective action 
functional Sj^g[g], which are explicitly enforced by the Schwinger-Keldysh closed time path (CTP) 
contour of the time integration The linearized fluctuation 5gab{x) obeys an integro-differential 
equation (3.1) in which the integral depends only on the past of x, due to the causal boundary 
conditions, and which involves the two-point correlation function of the matter energy-momentum 
tensor. According to the general principles of linear response analysis, this retarded correlation 
function is eva luated in the background geometry of the leading order solution of the semi-classical 
equations ( |2.8| ). 

Before discussing the stability criterion we make some additional technical remarks. First, the 
polarization operator ^'^aT^'^ i^j^') has local divergences involving derivatives of 5''*^ (a;, x') when 
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the spacetime points x and x' coincide. Each of these divergences is proportional to one of the local 



tensor variations on the left side of eq. (3.1). To see this note that if the UV renormalization is 
performed at the level of the effective action ( ^.6| ) then all variations of the renormalized effective 
action are necessarily finite. Hence all the local UV divergences may be removed by adjusting the 
coefficients a, f3, G„ , and A in the effective action, and there are no state dependent divergences in 

either (T^,) ^ or n'f > (x, x'). 

Next, since the polarization operator is determined by the second variation of the same effective 
action that determines the energy-momentum tensor, it also obeys the covariant conservation law 

V"nir'^''*'(a;,:r') = V.^ni^' :r') = . 

Finally, the equations (^^) are covariant in form and therefore are non-unique up to linearized 
coordinate (gauge) transformations, 

Sgab Sgab + VaXb + VbXa , 

for any vector field Xa- Singular gauge transformations in the initial data for Sgat are certainly 
not allowed, and some care is required to decide whether time dependent linearized gauge trans- 
formations which grow in time without bound are allowed or not. Since the action principle is 



fundamental to the present approach, any transformation of the form (3.4) for which the action 



(2.6) is not invariant (due to boundary or surface terms) is not a true invariance and should be 



excluded from the set of allowable gauge transformations of the linear response equations (3.1) 



We are now in a position to state our stability criterion for the the semi-classical approximation. 



A necessary condition for the valid ity of the large A'' semi-classical equations of motion (2.8) is that 



the linear response equations (3.f ) should have no solutions with finite non-singular initial data for 
which any linearized gauge invariant scalar quantity grows without bound. Such a quantity must 
be constructed only from the linearized metric perturbation Sgat and its derivatives, and it must be 
invariant under allowed gauge transformations of the kind described by eq. (|j.4|). 

The existence of any solutions to the linear response equations with unb ounded growth in time. 



that cannot be removed by an allowed linearized gauge transformation (3.4), implies that the influ- 
ence of the growing gravitational fluctuations on the semi-classical background geometry are large 
and must be taken into account in the evolution of the background itself. That is to say, if the 
gravitational fluctuations around the background grow, even if they were initially small, then the 



leading order semi-classical equations (2.^), which neglect these fluctuations, must eventually break 
down. 

To this point in time a consistent inclusion of gravitational fluctuations in the dynamical evolution 
of the background metric has not been attempted, even in the most symmetric and cosmologically 
relevant of cases, namely the Robertson- Walker background. However, if the linearized solutions 
show any growing modes then such self-consistent inclusion of the effect of the gravitational fluctu- 
ations beyond the leading order semi-classical approximation would be required. 



If the linear response equation (3.1) has physical unstable solutions at space and time scales 
determined by the semi-classical background metric, which are very far from the Planck scale, 
then the analysis should be reliable. An instability in the low energy infrared effective theory 



means that it is the semi-classical solution to eq. (2.8) that must be modified by taking these 
infrared gravitational fluctuations into account self-consistently, rather than abandoning the entire 
framework of a spacetime metric description of gravity. 

One important application of this criterion is to de Sitter spacetime. A number of different 
arguments leads to the conclusion that de Sitter spacetime is not the ground state of a quantum 
theory of gravity with a cosmological term |2^. In fact, the two-point correlation function of 
the energy-momentum tensor for a scalar field was estimated in j23| and argued to contribute to 
a gauge invariant growing mode on the horizon time scale. This proposition could be tested by 
detailed calculation of the two-point corre latio n function of the energy-momentum tensor and the 
solutions of the linear response equations ( |3.l[ ). 

A second relevant application of the criterion is to black hole spacetimes. Ever since the discovery 
of black hole radiance it has been recognized that the quantum behavior of black holes is qualitatively 
different from the classical analogs at long times, since semi-classical black holes decay at late times 
while classical black holes are absolutely stable. In the Hartle-Hawking state ^| one can construct 



a static solution to the semi-classical equations (2.8) that is quite close to the classical one near 



the horizon |25|-|27l]. However, the stability of this self-consistent solution has not been investigated. 
The validity criterion proposed in this paper provides a clear test for the stability of the self- 
consistent solutions in both the black hole and de Sitter cases which we plan to investigate in future 
publications. 
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